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INTRODUCTION 
Composite structures, which are widely used in many critical applications in 
industry, consist of different elastic materials formed in layers. The layers are bonded 
together along common faces, but it can often happen that the bonding is imperfect, . 
and cracks or weak bonding occur at the interface. The presence of critical defects can 
ca,use premature failure. It. is of importance to detect interface cracks and weak 
interlayers nondestructively, and one of the most practical methods for the detection 
utilizes the scattering of elastic waves, which may convey quantitative information on 
the defects. 
This paper aims to contribute to the theoretical basis for detecting an interface 
crack by an ultrasonic scattering method. Scattering problems of elastic waves by an 
interface crack are numerically investigated using an integral equation approach. The 
numerical procedure consists of two steps of near-field and far-field calculations. First 
of all, near-field solutions, namely, crack opening displacements are obtained using the 
boundary integral equation (BIE) method. Secondly far-field solutions such as 
scattered amplitudes and radiation patterns are obtained by substituting the 
near-field solutions into the integral representation for scattered waves. The integral 
representation utilizes the Green's function for a layered medium so that only the 
integration over the interface crack is required. Spring models are used to represent 
mechanical properties of an interface between dissimilar materials as in Ref.[1,2]. 
Cracks and dis bonds at the interface are represented by changing the spring 
constants. The effects of various material properties, as well as incident angles and 
frequencies, are investigated. The possibility of inversion procedure to characterize an 
interface crack from scattered far-fields is discussed. 
MODELING OF AN INTERFACE CRACK 
Figure 1 (a) illustrates the geometry of interest. An interface between two 
half-spaces D and fJ of dissimilar elastic solids is assumed to exist at the X2 = 0 plane 
in 2-D space. The adhesive bonding layer is uniformly distributed at the interface B 
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Fig. 1. (a) An interface crack S between two half-spaces D and D of dissimilar 
elastic solids. (b) Spring model for an interface crack. 
except for a debonding part S which does not transmit tractions. The adhesive layer 
between two half-spaces is generally very thin. Ignoring the inertial effect of the mass 
in the adhesive layer, the spring model shown in Fig. 1 (b) may provide a good 
approximation to express mechanical behaviors of the interface. The continuity 
conditions at the interface B may be written by 
(1) 
where Ui and ti are components of displacement and traction, respectively, and s'] are 
spring stiffness constants. Here and hereafter the bar indicates the quantity involved 
in the domain D. 
The boundary conditions on the interface crack S are given by 
ti = -ti = O. (2) 
This boundary conditions can be obtained by setting the spring constants identically 
zero in eq.(l). On the contrary, letting Si] ~ 00 in eq.(l) leads to the boundary 
conditions for a. perfect interface, i.e., 
(3) 
As seen in eqs.(2) and (3), eq.(l) can express various boundary conditions, including 
cra.cks, perfect bonding and weak bonding, by changing the spring constants. 
NEAR-FIELD CALCULATION 
Reflection, transmission and scattering occur due to the interaction of an 
incident wave with the interface B and the interface crack S. The total wave fields 
may be expressed by 
Ui ufree + usc 
• • 
ill D 
u , -free + -sc Ui U, ill D 
(4) 
(5) 
where ute € and utee are free wave fields in a layered medium with no interface crack, 
and u:C and uic are scattered waves from an interface crack S. If the incident wave is 
a time harmonic plane a-wave ( a = L or T) with the incident angle eo, two reflected 
and two transmitted plane waves are generated as free wave fields, which can be 
calculated in the following forms 
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fTee( ~) Ui X 
-fTee ( ~) Ui X 
uodt"''''eik"pt",,,,.x + L R"'f3di"'f3eik~p"'P.x 
f3=L,T 
L R"'f3 d;"'f3 eikppt",P.x 
f3=L,T 
(6) 
(7) 
where Uo is the displacement amplitude of the incident wave and R"'f3 denote the 
amplitudes of the reflected and transmitted waves, which can be determined using the 
continuity conditions at the interface B given by eq.(l). Also, k", is the wavenumber 
defined by k", = wlc", ( w : angular frequency, c'" : wave velocity), and r af3 and ;j±af3 
are unit vectors defined by 
(cf3(/C", , ±1J"'f3(()), 1J"'f3(() = (1- (Cf3(/Ca)2)1/2, ~(lJaf3) > 0 
{ raf3(() for j3 = Land L 
e; x r"'f3(() for j3 = T and T 
where ( = sin Bo. The first and second terms on the R.H.S. in eq.(6) denote the 
incident and reflected waves in D, respectively, and eq.(7) represents the transmitted 
wave fields in D. 
The boundary integral equations can be constructed for unknown scattered 
waves u:C and u:C, which satisfy the radiation conditions at infinity. We have 
1 SC(~) 
-u· x 
2 • 
r Uij{x, Y)t;C(Y)ds - p.v. r TiJ(x, Y)uy(Y)ds, x E 5 U B (8) 
1+B 1+B 
1 -SC( ~) 
-u· x 
2 • 
r Uij(x, y)fny)ds - p.v. r Tij(x, y)uny)ds, x E 5 U B (9) 
lS+B lS+B 
where Uij are the fundamental solutions for a full space and T;J are the corresponding 
n n 
double layer kernels defined by TiJ(x, Y) =Tjk (By)Uik(X, Y) ( TJk (By) : traction 
operators ). Since the fundamental solutions UiJ themselves do not satisfy the 
continuity conditions at the interface B given by eq.(l), the boundary integral 
equations (8) and (9) have the integrations over not only the interface crack 5 but 
also the interface B of infinite extent. In numerical calculations, therefore, the infinite 
boundary B has to be truncated at the finite length enough far away from the 
interface crack 5, so that the near-field solutions on 5 are not affected by the 
truncation error. 
Using eqs.(4), (5) and (1), eqs.(8) and (9) may be rewritten as follows: 
~Ui(X) + p.v. r T;j(x, Y)uj(Y)ds lS+B 
- r UiJ(x, y)SJdUk(Y) - uk(y)}ds = g!Tee(x) 
lS+B 
(10) 
~Ui(X) + p.v. r T;j(x, Y)uj(Y)ds lS+B 
- r tJij(x, y)SJdUk(Y) - Uk (Y)}ds = fltee(x) 
lS+B 
(11) 
where gtee and flt ee are known terms given by 
fTee(~) _ gi X - 1 fTee(~) 1 'T' (~ ;1\ fTee(;1\d -Ui x + p.v. .Iij x, y,Uj y, s 
2 S+B 
- r Uij(x, Y)t{"ee(Y)ds 
lS+B 
(12) 
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Fig. 2. Six rays propagating from the point x to the point y involved in the Green's 
function for a layered medium. 
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(13) 
Discret.izat.ion of eqs.(10) and (11) yields t.he syst.em of coupled equat.ions with t.he 
unknown t.erms of Ui and Ui, and hence the crack opening displacement lUi] = Ui - Ui 
on S can be obtained. 
FAR-FIELD CALCULATION 
Eqs.(8) and (9) are not suitable for calculating the far-fields, since eqs.(8) and (9) 
involve t.he integration over the interface B of infinite extent. a.nd the contribut.ion 
from the interface B can not be neglected in the far-field calculation. An alternat.ive 
expression for t.he scattered wave can be obtained wit.h t.he aid of the Green's function 
for a layered medium. The exact form of the Green's function is available only in t.he 
int.egral form. At. far-field, however, t.he method of st.eepest. descend provides a good 
approximat.ion to t.he int.egrals involved in the Green's function. 
Using t.he Green's function, the scatt.ered wave may be expressed as follows. 
(14) 
where Gik are the Green's functions for a layered medium, which satisfy the cont.inuity 
condit.ions (1) at the interface B. It is noted that the int.egration in eq.(14) is carried 
out. over t.he interface crack S only. 
The Green's function G ik ( x, Y) physically means the displacement in k-direction 
at t.he point. y due to a unit. harmonic force in i-direction at. the point x in a layered 
medium. As shown in Fig. 2, there exist six rays propagating from the point x to the 
point y. Assuming that both x and yare locat.ed in the domain D and Y2 > X2, the 
Green's function can be expressed in the following form. 
(1.5) 
a=L,T a=L,T /3=L,T 
where 
Rf!(x, Y) 
where pis t.he shear modulus. 
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In eq.(15), Dik and R'J are the components of the direct incident and reflected 
waves, respectively. At far-field of IXI :::P 1171 (fj E S), the method of steepest descend 
provides an approximation to the integrals in eqs. (16) and (17) as follows 
D~Ui, Y) ::::; J 2 ~ d+""e i (ka lxl-7I"/4) ~ (CT)2 dt aex e'k"ptaQyl (18) 1fk"lxl I 41-' c" (=sin8x 
'--v-' 
Dr 
::::; J 2 ~ dt""e i (k"lxl-7I"/4) ~ (CT )2 u"j3d~o:j3 eikpP-"f1YI. (19) 
1fk"IXI ,41-' Co: v ' (=sm8x 
R;P 
where ex = arcsin( -xI/lXl). It is noted that the refracted waves, propagating in the 
other layer side if the angle ex is beyond the critical angle, are neglected in the 
steepest descend evaluation. Substituting eqs.(15), (18) and (19) into eq.(14), the 
scattered far-field may be written by 
where no: indicates the radiation patterns of scattered far-fields. 
NUMERICAL EXAMPLES 
Numerical examples are shown for an interface crack with the length 2a 
subjected to an time-harmonic plane L-wave. The spring constants at the interface B 
are given by aSll/ I-' =asn/ I-' =1000 and S12 =S2l =0, which almost correspond to a 
perfect interface wit.h the continuity conditions of displacement and traction, see 
eq.(3). On the other hand, the spring constants at the int.erface crack S are given by 
Si) = 0, which are equivalent. to t.he traction-free conditions. Elastic constants in two 
layered media are chosen as pip = 1, v = D = 0.25 and CtlCL = CylcT = A, where p is 
the mass density, v is the Poisson's ratio, CL and CT are velocities of longitudinal and 
transverse waves, respectively, and A is a constant value given later. As described 
earlier, the interface boundary B of infinite extent is truncated at the finite length in 
the near-field calculation. In the present analysis, the boundary B was cut off at 
IXII = 3a. 
When the wave velocity ratio A is equal to one, the problem is reduced to the 
scattering from a crack in a homogeneous medium of infinite extent. For this 
scattering problem, the solutions can be found in other literatures. Hence we can 
compare bet.ween our results and other available solutions to check the accuracy of the 
present method. Figure 3 shows the crack opening displacements for the normal 
incidence of a time harmonic L-wave. Incident wavenumbers are taken as akT = 0.01, 
0.8, 2.4 and 3.6. The circles are results for an interface crack between two layers with 
the same elastic constants and the solid lines are results for an isolated crack in a 
homogeneous medium of infinite extent, which are obtained by using the traction 
boundary integral equations [3]' Both results are in good agreement. Figure 4 shows 
the radia.tion patterns no: ( 0' = L, T ), defined in eq.(20), of scattered far-fields. Since 
the radiation patterns are symmetry with respect to the plane Xl = 0, halves of the 
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Fig. 3. Crack opening displacements of 
cracks subjected to normal incidence of a 
time harmonic L-wave. ° : interface 
crack analysis between two layers with 
the same elastic constants, ~ : isolated 
crack analysis in a homogeneous medium 
of infinite extent. 
Fig. 4. Radiation patt.erns [h ( left hand 
side) and OT ( right. hand side ), defined 
in eq.(20), of scattered far-fields. 0,6, + 
: interface crack a,nalysis between t.wo 
layers wit.h the same elastic const.ants, ~ 
: isolated crack analysis in a homogeneous 
medium of infinite extent. 
radiation patterns are depicted for the scattered L- and T -waves on the left- and 
right-hand sides, respectively. Three incident wavenumbers of akT = 0.8, 2.4 and 3.6 
are chosen. Symbols are t.he results obtained by the interface crack analysis and the 
solid lines indicate the solutions of the crack analysis in an infinite homogeneous 
domain. Again good agreement is observed. From Figs. 3 and 4, it is concluded that 
the present interface analysis has enough accuracy to obtain the solutions at. bot.h 
near-field and far-field. 
Figure 5 shows the radiation patt.erns of scattered far-fields from interface cracks 
subjected to normal incidence of plane L-waves. The incident wavenumbers are taken 
as akT = 0.8, 2.4 and 3.6. Dissimilar half spaces with the wave velocit.y ratios A = 
0.75, 1 and 1.25 are considered, corresponding to Figs .. 5 (a) to (c). From these 
figures, it can be seen that larger scattered amplitudes are observed in t.he layer wit.h 
lower wave velocities. Note that several discontinuous responses are found at the 
critical angles in the layer with lower wave velocities. For example, OL shown in Fig. 5 
(a) has a discontinuity at the propagat.ing angle fJ.~ = 48.59°, which is ident.ical to the 
critical angle ec = arcsincL/cL = arcsin(0.75). As mentioned before, the method of 
steepest descend in the far-field evaluation of the Green's function does not take 
account of the refracted waves, propagating at the critical angles in t.he layer with 
lower velocities. For this reason, t.he accuracy of the solutions may be unsatisfactory 
at the critical angles. To make the solutions complete, we need to consider the 
contribution from integration around the branch cut. involved in eq.( 17) [4]. 
Finally the backscattered amplitudes are investigated in detail. We assume tha t 
for a plane incident L-wave with the incident angle eo, the crack opening 
displacements approximately have the following form: 
where fJ is a function of the incident. angle eo. Eq.(21) is considered as an 
approximate high-frequency solution based on physical elastodynamics [5]. 
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Fig. 5. Radiation patterns [h ( left hand side) and rlT ( right hand side) of 
scattered far-fields from interface cracks subjected to normal incidence of plane 
L-waves. The incident wavenumbers are taken as akT = 0.8 ( - 0 - ), 2.4 ( - 6. - ) 
and 3.6 ( - + - ). Fig. 5 (a) to (c) are for the wave velocity ratios A = 0.75 , 1 and 
1.25, respectively. 
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Fig. 6. Backscattered amplitudes IrlLI as 
a function of ak L for the oblique incident 
L-wave with the angle eo = 45°. The wave 
velocity ratios between two dissimilar half 
spaces are chosen as A = 0.75 ( - 6.-), 
1 ( - 0 - ) and 1.25 ( - + - ). 
2,00 ----- ,----r----,----,,---' 
-- 0 '-· 0.;5 
- 0 - 1.0 
+- 1.2!i 
1.00 
Fig. 7. Backscattered amplitudes IrlLI 
normalized by akLuo for the normal 
incidence of a plane L-wave. Other 
conditions are the same as in Fig. 6. 
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Substituting eq.(21) into eq.(20), the backscattered amplitude DL may be written as 
fl L (80 ,kL ) = [TJk (Oy) {bfeikLP-+LLfj + L Rfj3eik~p-Lj3fj} 
-a j3=L,T Y2=0 
for 80 of. 0 
for 80 = 0 
(=sin 80 
(22) 
Eq.(22) implies that for the incident angle 80 not equal to zero, the backscattered 
amplitude flL as a function of akL shows the sinusoidal periodicity and has zero 
crossing points at ak L = mr/(2sin80 ). Figure 6 shows the backscattered amplitudes 
IflLI as a function of ak L for the oblique incident L-wave with the angle 80 = 45°. 
Three cases of A = 0.75, 1 and 1.2.5 are selected for the wave velocity ratios between 
two dissimilar half spaces. In either case, IflLI has minimum points at 
akL =mr/(2sin45°) =2.22 x n, corresponding to the predicted zero crossing points. 
This periodic property suggests that the crack length a can be estimated from the 
backscattered amplitude. 
For normal incidence 80 = 0, on the other hand, flL is proportional to the 
wavenumber akL as seen in eq.(22). Figure 7 shows the nondimensional backscattered 
amplitudes IflLI/(akLuo) as a function of akL in the case of the normal incidence of a 
plane L-wa,ve. As expected, IflLI/(akd has relatively flat responses, i.e., IflLI is 
proportional to akL over the wide ra,nge of the wavenumber akL except for the low 
frequency range. In this case, it is difficult to estimate the crack length from the 
periodicity of the ba,ckscattered amplitudes fl L . 
SUMMARY 
The 2-D scattering problems by an interface crack between two dissimilar half 
spaces were investigated using the integral equation approach. The fundamental 
solution for a full space was used in the near-field calculation, while the Green's 
function for a layered medium was utilized in the far-field calculation. The accuracy 
of the present method was proved by comparing between our results and other 
solutions for an isolated crack in a homogeneous infinite region. Numerical examples 
were shown for radiation patterns and backscattered amplitudes as functions of 
dissimilar material constants, incident angles and frequencies. The periodicity found 
in the backscattered amplitudes may be useful for the estimation of the length of the 
interface crack. 
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